In addition to the Hamiltonian functional itself, non-canonical Hamiltonian dynamical systems generally possess integral invariants known as ' Casimir functionals'. In the case of the Euler equations for a perfect fluid, the Casimir functionals correspond to the vortex topology, whose invariance derives from the particle-relabelling symmetry of the underlying Lagrangian equations of motion. In a recent paper, Vallis, Carnevale & Young (1989) have presented algorithms for finding steady states of the Euler equations that represent extrema of energy subject to given vortex topology, and are therefore stable. The purpose of this note is to point out a very general method for modifying any Hamiltonian dynamical system into an algorithm that is analogous to those of Vallis et al. in that it will systematically increase or decrease the energy of the system while preserving all of the Casimir invariants. By incorporating momentum into the extremization procedure, the algorithm is able to find steadily-translating as well as steady stable states. The method is applied to a variety of perfect-fluid systems, including Euler flow as well as compressible and incompressible stratified flow.
Introduction
In a recent paper, Vallis, Carnevale & Young (1989) have presented algorithms for finding nonlinearly stable steady solutions of various inviscid fluid systems, including the two-and three-dimensional Euler equations. These algorithms are modifications to the inviscid governing equations that systematically increase or decrease the energy of the flow while preserving the vortex topology. Whenever the energy has a non-zero lower bound or a finite upper bound under such 'isovortical' evolution, the modified equations will generally approach a non-trivial steady state which, by construction, will be an extremum of energy subject to the given vortex topology. Such a steady state is therefore a stable solution of the original inviscid equations (Kelvin 1887 ; Amol'd 1965 Amol'd , 1966 ; it is this fact that makes the method of Vallis et al. of considerable potential importance.
In this note, a very general method is described for modifying any Hamiltonian dynamical system into an algorithm that is analogous to those of Vallis et al. in that it will systematically increase or decrease the energy of the system while preserving all of the 'Casimir invariants'. (In the systems studied by Vallis et al. the Casimir invariants are just the invariants characterizing the vortex topology.) By incorporating momentum into the extremization procedure, the algorithm is able to find steadily-translating as well as steady stable states. The method is presented in $2, and then applied in $3 to the following fluid-dynamical systems: (i) two-dimensional Euler flow ; (ii) three-dimensional Euler flow ; (iii) baroclinic quasigeostrophic flow over topography ; (iv) two-dimensional stratified Boussinesq flow ; (v) rotating homogeneous shallow-water flow ; and (vi) three-dimensional rotating, stratified, compressible flow of an ideal gas (also known as the meteorological primitive equations). The results are discussed in $4.
The method
equations may be written in the symplectic form Consider a general continuous Hamiltonian dynamical system, whose governing
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Here the dependent variable u is a function of time t and of position x within some domain D (for a discrete system u would just be a function of t ) ; ut is the partial derivative of u with respect to t ; %(u) is the Hamiltonian functional, usually just the total energy of the system ; SN/Su is the functional or variational derivative of %, defined by For fluid systems the Casimir invariants include the 'topological invariants ', examples being helicity as well as the families of invariants corresponding to materially-conserved quantities (e.g. entropy, potential vorticity) ; they also include the mass of the system, where appropriate. The existence of non-trivial solutions to (2.7) depends on the Hamiltonian system being non-canonical (see e.g. Littlejohn 1982), something which is generally the case for Eulerian representations of perfect fluids.
At this point it may be noted for completeness that the Hamiltonian system (2.1) may be alternatively represented in bracket notation as where 9 is any functional of u whose functional derivative is well-defined, and for all admissible functionals 9 ; that this condition is equivalent to (2.7) follows directly from (2.10) and (2.3). Now, given the system (2.1), consider a new system defined by
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where a: is a symmetric transformation with (u, au) of definite sign for all u. I n the examples of $3, a is taken to be a constant, single-signed diagonal matrix (whose entries generally have differing dimensions), but more general forms are clearly possible. (The iterated Laplacian forms discussed by Vallis et al. represent examples of this.) Actually the first term on the right-hand side of (2.12) may be dispensed with altogether without affecting the essential properties of (2.12), but the full form is more general and so is retained here.
The Casimir invariants of (2.1) are also invariants of (2.12), for if W satisfies (2.7) then under (2.12) one has
On the other hand, the Hamiltonian functional X is no longer invariant, but will monotonically increase or decrease according to the sign of a:
dt The right-hand side of (2.14) is of definite sign, and is non-zero unless (2.15)
hence the steady solutions of (2.12) are also steady solutions of the original system (2.1). So to recapitulate: the modified dynamical system (2.12) will monotonically increase or decrease the energy of the system while preserving all the Cafiimir invariants. If a finite upper bound or non-zero lower bound on the energy exists (subject to the constraints imposed by the Casimir invariants), then the process will generally converge to a state satisfying (2.15), which will be a steady solution of (2.1).
(For topological reasons it may only approach i t without attaining it -for example, in the case of two-dimensional Euler flow the connectedness of the vorticity distribution must be maintained -but this distinction will be moot in practice ; see Carnevale & Vallis 1990.) Any steady solution of (2.1) must be at least a conditional extremum (critical point) of X under Casimir-preserving variations (cf. Arnol'd 1965). However, the steady states reached by the system (2.12) will, by construction, generally be true extrema, and will thus represent stable steady solutions of the To generalize the algorithm (2.12) to find steadily-translating states, it is enough to replace (2.12) by
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(2.17) with c specified. Under the evolution (2.17), one then has
which are analogous to (2.13), (2.14). So the functional X -c A will monotonically increase or decrease under (2.17); the process will only stop if the system converges to a steadily translating state, satisfying (2.16). As with steady solutions, steadily translating solutions of (2.1) are necessarily conditional extrema of X -c J l for Casimir-preserving variations (cf. Benjamin 1984) ; but any such states reached by the modified dynamics (2.17) will, by construction, generally be true extrema, and will thus be stable. By treating c as a Lagrange multiplier, such states may also be regarded as extrema of A? for fixed Jl and V.
It is obvious that in systems with rotational symmetry, the same method may be employed to find stable rotating states, with the angular momentum taking the place of A.
Examples
In the examples presented below, the more general form (2.17) of the modified dynamics is used; if one wishes to find stable steady states, then it suffices to set c = 0 in all the formulae. (with n = 0). Here a is a single constant with dimensions of (time) x (length)2. The Casimirs in this case are spatial integrals of any function of vorticity w , and it is obvious from (3.5) that they remain invariant: the vorticity is still advected in the modified dynamics, just by $ rather than by $. Multiplication of (3.5) by Y and integration by parts yields the energy-momentum equation in agreement with (2.18b).
Two-dimensional Euler j l~w

H
3.2. Three-dimensional Euler flow The three-dimensional generalization of (3.1) is
where o(x,y,z,t) = V x u is the vorticity vector and u ( z , y , z , t ) the velocity. Again, by virtue of(3.7b), u may be determined from o under suitable boundary conditions, and the system takes the Hamiltonian form (2.1) with Apart from the boundary conditions (3.12b, c), the system is entirely analogous to (3.1) with o replaced by q. With For x-dependent topography h, the x-symmetry of the system is broken and A is no longer an invariant of (3.12). It follows that steadily-translating solutions cannot exist, and one is led to consider the modified dynamics (2.12) rather than (2.17). This leads to the system is the obvious generalization of (3.6) with Y = ~.
In the case of flat (or even x-symmetric) topography, the momentum invariant A (which includes boundary terms) may be incorporated as in (2.17), and the resulting modified dynamics is just (3.16) with $ replaced by Y = $+cy. The matrix JaJ then takes the form JaJ = 012 a(a, * )) " 2 qv, a(a, * )) + a1 a(P, a(P, -))
while the x-component of momentum (or impulse) is given by A = -ss zcr dx dz, and satisfies where C is an arbitrary function; it will be obvious from (3.23) that the first two remain invariant, as of course they must do by construction, and perhaps slightly less obvious that the third does so as well. It may be verified that the energy-momentum equation becomes
(a(p, !P))'+a,(a(a, Y)-i3(p,gz-~lV$r12))2}dxdz, (3.25)
as expected.
An important special case of the system (3.18) is that obtained under a strong form of the Boussinesq approximation in which p is replaced by a constant reference density po on the left-hand side of ( 3 . 1 8~) .
I n that case u = p o V 2~ and is essentially just the flow vorticity, and p is replaced by po in the kinetic energy component of the Hamiltonian ( 3 . 2 0~) .
As a result, the terms involving IV$lz drop out in (3.19b), (3.21), (3.23b, c), and (3.25) . Otherwise everything remains the same. In particular, the symmetry properties of the two systems and their Casimirs are identical.
Shallow-water equations
The equations of motion for a shallow homogeneous fluid, in a coordinate system rotating at constant angular velocity 8 f about the vertical, are 
After an integration by parts it may then be seen that the operator J corresponding to (3.28) is (3.26 a') 3.6. Meteorological primitive equations The final example to be considered is that of three-dimensional, compressible, rotating, adiabatic flow of an ideal gas, stratified under gravity, and governed by what is known in meteorology as the non-hydrostatic primitive equations. The equations consist of those for momentum, The system is completed by the ideal gas law
with R the gas constant and T the temperature, together with the fact that noting that U = pc, T for an ideal gas (c, being the specific heat at constant volume).
The Casimirs for the system (3.36) are of the form where C is an arbitrary function and and is thus (together with the entropy 7) a material invariant. The x-component of momentum is given by .M = sssp(u-fy) dxdydz, and satisfies
The matrix JaJ is much too large to write out; its components are given in the Appendix. But introducing three different a (a1 corresponding to u, a2 to p , and a3
to T ) , the modified dynamical equations may be written But to verify that the Casimirs (3.40) remain invariant under the modified dynamics (3.44) -as they must do by construction -is now a particularly tedious operation, except for the case of the total mass (a special case of (3.40) with C 3 1) which is evident a t once from (3.44b).
Discussion
The foregoing has shown how the simple algorithm (2.12) can be used to turn any Hamiltonian dynamical system into one with monotonically increasing or decreasing energy, but with all its Casimir invariants preserved. Whenever the energy has a finite upper bound or a non-zero lower bound under such Casimir-preserving evolution, the 'modified dynamics ' represented by (2.12) should generally approach a non-trivial steady state. Such steady states are also steady states of the original system (2.1), and by construction correspond to energy extrema (subject to the constraints imposed by the Casimir invariants). By incorporating momentum into the extremization procedure, as in (2.17), the steady states of the modified system correspond to steadily-translating solutions of the original system, and are extrema of a linear combination of the energy and momentum, viz. X-ed. Stability of these solutions is implied in both cases. It is obvious that the same approach, using a combination of energy and angular momentum, would similarly identify stable rotating states (details are left to the reader).
The method has been applied in $3 to a variety of perfect-fluid systems; in each case it may be seen explicitly from the resulting energy-momentum equation that under the modified dynamics &' -cM changes monotonically in time (depending on the sign of the symmetric transformation a), and that it is constant if and only if the flow is a steadily translating solution (with translation velocity c i ) of the original Hamiltonian dynamics. While in some cases the modified dynamics turns out to be a special kind of ' pseudo-advection ' (meaning that the materially conserved quantities are still advected around the domain, just not by the true velocity), it is generally not so.
The method presented here provides a generalization of the algorithms given in Vallis et al. (1989). As discussed extensively there, these extremization algorithms provide a way to explore the structure of the phase space of the Hamiltonian dynamics, and in particular to seek out stable steady (as well as steadily-translating and rotating) states. I n this respect it is important to note that one might hope by this approach to Insofar as the extremization in question is constrained by the constancy of the Casimir invariants, it is clear that the power of the method depends on the richness of the Casimir structure. A similar situation exists with regard to Arnol'd's hydrodynamical stability theorems ; the more Casimirs that exist, the greater the chance of obtaining useful stability criteria (cf. Holm et al. 1985) . I n the case of irrotational water waves, for example, the system can be written in Hamiltonian form but is in fact canonical (see e.g. Benjamin 1984, $6), and therefore possesses no Casimir invariants; hence the present method would seem to be of no use in that context.
A final remark concerns the extent to which the modified dynamics can actually be expected to converge on a true energy or energy-momentum extremum. For example, suppose that the system started a t the bottom of a 'potential valley' of %--A (namely a minimum in all directions, save one along which Z -C A was constant). Then the modified dynamics with positive 01 could not evolve a t all, for to evolve & ' -c A would have to decrease (which it could not do under the circumstances envisaged), and yet the system would not be a t a true minimum. (Actually the modified dynamics could not even move away from a saddle point, as is evident from (2.14), but this is of no practical consequence since the point would be unstable.) Lest this situation with the potential valley seem pathological, it should be remarked that it will generally exist in the presence of a spatial symmetry, for any steady or steadily translating solution not sharing that symmetry ; the neutral direction (the bottom of the valley) would then correspond to Casimir-preserving translations of the state in the direction of the symmetry. An example is a circular vortex in two-dimensional Euler flow ; translation of the vortex in x or y generates a two-parameter family of steady flows having the same values of all the Casimirs. In practice, though, such solutions may nevertheless be stable provided that translations can be ruled out in the unmodified dynamics by consideration of the relevant momentum or impulse invariants (cf. Carnevale & Shepherd 1990) . Even when the translations cannot be so ruled out, this apparent deficiency in the modified dynamics may actually prove to be an advantage, insofar as one may find states that are stable modulo translations (and thus would not be found by a straightforward application of Arnol'd's (1966) theorems).
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